This paper focuses on the dynamic stability analysis of a manipulator mounted on a quadrotor unmanned aerial vehicle, namely, a manipulating unmanned aerial vehicle (MUAV). Manipulator movements and environments interaction will extremely affect the dynamic stability of the MUAV system. So the dynamic stability analysis of the MUAV system is of paramount importance for safety and satisfactory performance. However, the applications of Lyapunov's stability theory to the MUAV system have been extremely limited, due to the lack of a constructive method available for deriving a Lyapunov function. Thus, Lyapunov exponent method and impedance control are introduced, and the Lyapunov exponent method can establish the quantitative relationships between the manipulator movements and the dynamics stability, while impedance control can reduce the impact of environmental interaction on system stability. Numerical simulation results have demonstrated the effectiveness of the proposed method.
Introduction
Unmanned aerial vehicles (UAVs), especially the quadrotors, have developed rapidly and been widely applied in many ways [1] , for example, aerial photography, power line patrol, and surveillance [2] . However, these applications mentioned all avoid interacting with the environments. For some environmental interaction tasks, the active operation of UAVs endowed with manipulator will greatly expand their range of applications, while it brings great challenges in dynamic stability for the whole system. As is well known, UAVs have many stability problems, such as shaking, out of control, and even crash, and if endowed with manipulators, UAVs stability will additionally be affected by manipulator movements and environment contacts. So dynamic stability researches of UAVs especially MUAVs are very necessary and important to ensure that the whole system is safe and reliable.
The field of MUAVs is still largely an immature one, but it has received great concern and some recent attempts have been made. Earlier studies focused on the installation of a lightweight gripper at the belly of the aircraft [3] [4] [5] . The gripper has less impact on the UAV, but the operating ability is very limited, so the later research mainly focused on changing the gripper device into a manipulator [6] [7] [8] [9] . Manipulator, especially redundant manipulator, has flexible operation [10, 11] . However, manipulator movements and the environment contact will change the center of gravity position and reduce system stability [12] . On theoretical research, Euler Lagrange [13] [14] [15] and Newton-Euler [16] [17] [18] methods have been widely used to establish the dynamics model. But complex computation always brings great difficulties to model derivation.
As for nonlinear system stability analysis, the most commonly used method is Lyapunov's stability theory [19] [20] [21] . It plays a very important role in the system stability proof and the controller design, and Lyapunov functions are needed when using this method. However, there is no constructive method available for deriving the functions, so it is quite difficult to establish the Lyapunov functions especially for the nonlinear system of MUAV with multiple variables, strong coupling, and underactuation. To solve this problem, Lyapunov exponent method has been introduced and widely used. Lyapunov exponents are the average exponential rates of divergence or convergence of nearby orbits in the state space, and they are related to the expanding or contracting nature of different directions in the n-dimensional phase space of a continuous dynamical system [22] . The concept of Lyapunov exponents provides a generalization of the linear stability analysis for perturbations of steady-state solutions to time-dependent solutions [23, 24] . Yang and Wu and Sun and Wu [25, 26] applied Lyapunov exponent method to study the dynamic stability of bipedal robots during disturbed standing. Abdulwahab et al. [27] used Lyapunov exponent method to analyze the lateral flight stability of unmanned aerial vehicles. In our previous work [28] , quantitative relationship between the structural parameters of a quadrotor and the dynamic stability was established based on the Lyapunov exponent. By optimizing the different structural parameters, we improved the quadrotor dynamic stability. Since MUAVs usually need to interact with the environment, it is necessary to take some measures to ensure the stability of the system and avoid damage to the devices. Bartelds et al. [29] designed a compliant mechanism to allow the aerial manipulator to remain stable during and after impact. Alexis et al. [30] proposed a hybrid model predictive control framework to ensure the quadrotor stable and active interaction. In [31] , impedance control was introduced to deal with the interaction between the end effector mounted on a ducted fan UAV and a vertical wall. This paper focuses on the modeling and the dynamic stability analysis of a single DOF manipulator mounted on a quadrotor unmanned aerial vehicle. The Euler-Poincare equations are introduced to derive kinematics and dynamics model of the MUAV system. As for dynamic stability, the manipulator movements and the environmental interactions are considered separately. Lyapunov exponent method is used to analyze the stability affected by different manipulator movements and then the Newton-Euler recursive method is used to quantify the coupling between the manipulator and the quadrotor, after which coupling compensation is considered in the controller design. In order to ensure stability and safety when the end effector of the manipulator interacts with the environment, an impedance controller is designed. Numerical simulations illustrate the effectiveness of the controller in the force-constrained space as well as the transition from the free space to the force-constrained space.
The rest of this paper is organized as follows. Section 2 presents the overall system model. In Section 3, dynamics stability and coupling characteristics of the system due to manipulator movements are analyzed. In Section 4, the complete interaction control architecture is proposed, and its effectiveness is demonstrated in Section 5 by means of numerical simulation. Finally, some conclusions are presented in Section 6.
System Modeling
The system considered in this paper, depicted in Figure 1 , is composed of a quadrotor vehicle equipped with a single DOF manipulator. One end of the manipulator is mounted at the geometric center of the four quadrotors (assuming that the geometric center coincides with the center of mass of the quadrotor).
To facilitate modeling, let ∑ E − XYZ be the inertial frame, and ∑ b B − xyz is the UAV body frame with origin at the vehicle center of mass. ∑ m M − x ′ y ′ z ′ is a manipulator frame, whose origin coincides with ∑ b , and the z ′ axis is in the direction of the reverse extension line of the manipulator. The configuration of the MUAV system can be given by
where η u = ψ θ ϕ T denotes the quadrotor attitude, and vector p u = x y z T is the position of the quadrotor with respect to ∑, and a is the joint angle of the manipulator. It is obvious that q is the generalized coordinate of the MUAV system. Relative to q, the pseudovelocity vector of the system can be given by
where v u = u v w T and ω u = p q r T , respectively, denote linear velocity and angular velocity component of the quadrotor in ∑ b , and b is the joint angular velocity of the manipulator.
The position of the end effector in ∑ is represented as
where R u is the rotation matrix of the ∑ b relative to ∑. The MUAV system is composed of two single rigid bodies, the quadrotor, and the manipulator. The quadrotor has 6 degrees of freedom, and the manipulator has 1 degree of freedom rotating around the y-axis of ∑ b . The kinematics and dynamics equations of MUAV based on Euler-Poincare equations (5) can be derived with the Mathematica software package TSI ProPac [32] . The modeling process is as follows: where U 1 , U 2 , U 3 , and U 4 are the control inputs of vertical height, roll angle, pitching angle, and yawing angle, respectively, and
where
is the lift of the ith rotor. If we define A = πR q 2 , then the thrust of each rotor can be expressed as
The main matrix parameters can be obtained through the above symbolic calculation. With these matrix parameters, the MUAV system model can be finally obtained in the form of
where V q , M q , and C q, p are kinematics matrix, inertia matrix, and gyroscopic matrix, respectively. F p, q, u is the viscous friction and gravity vector.
Dynamic Stability Analysis
The quadrotor, as the base of the manipulator, is different from the traditional fixed base and it is essentially unstable. However, a stable base is really required when the manipulator performs some operation. Thus, the dynamic analysis of a system is quite important. Considering the limitations of the Lyapunov's stability theory for complicated nonlinear systems, in this section, Lyapunov exponent method is applied to analyze the dynamic stability of the MUAV system in the case of manipulator movements. As is well known, when it comes to stability analysis, Lyapunov exponents are usually compared with 0, and some relationships between Lyapunov exponents and system stability can be concluded. If all Lyapunov exponents are less than zero, the system is exponentially stable about the equilibrium point, which indicates that the system is dissipative or nonconservative. On the contrary, when at least one Lyapunov exponent is greater than zero; the system tends to be unstable or chaotic.
And if the value of Lyapunov exponents is fixed at zero, the phase trajectory is periodic with time [33] . Lyapunov exponent can be applied to establish the quantitative relationships between the manipulator movements and the MUAV dynamic stability. The Lyapunov exponent calculation is based on the established mathematical model of the MUAV. Different manipulators movements lead to the kinematics and dynamics model of the MUAV different, which indicates that the corresponding Lyapunov exponent may change. Lyapunov exponent can be calculated as
3 International Journal of Aerospace Engineering where df X /dX is Jacoby matrix of the system, and n is the number of iterations. In order to compute the Jacoby matrix, (5) needs to be translated into
and (7) can be reformulated as
where u is control input vector. Figure 2 displays the specific calculation process. When designing manipulator controller with different expected manipulator joint angle, the joint torque T4 in step (iv) of the MUAV dynamic modeling changes, which makes the dynamic model changes as well. Then, the calculated Lyapunov exponents will also be different based on Figure 2 and after n iteration, the trajectory distance between the disturbed MUAV system and the original system is as follows:
It can be known that if λ > 0, lim n→∞ ε ⋅ e nλ → ∞ will tend to infinity, which shows that the disturbed trajectory and the original trajectory of the system is separated with time and the system is chaotic, and if λ < 0, lim n→∞ ε ⋅ e nλ → 0 will tend to zero, which illustrates that after disturbed, the system can reach the original system state again and the system is insensitive to the disturbance and stable. According to the method described above, when the quadrotor is hovering, Lyapunov exponents of the system are calculated separately with different manipulator movements. When setting the number of iterations to 100 and the initial state q, p T of the MUAV system to 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0 T , the Lyapunov exponents of the system can be obtained. For a clear analysis, Lyapunov exponents of the quadrotor attitudes and manipulator joint angle are shown in Figures 3 and 4 . When the desired joint angle a d of the manipulator is 0, that is, the quadrotor and the manipulator are relative stationary, the Lyapunov exponents spectrum is shown in Figure 3 . Similarly, set a d = sina, then the Lyapunov exponents spectrum of the quadrotor attitudes and manipulator joint angle are shown in Figure 4 .
From Figures 3 and 4 , we can see that the Lyapunov exponents of Figure 3 are less than 0 or tend to be 0, while in Figure 4 , there is one exponent that is greater than 200 with no tendency to 0. In comparison with these two figures, when there is relative motion between the manipulator and the quadrotor, the dynamic stability of the whole system is obviously getting worse; in severe cases, the whole system may get unstable. International Journal of Aerospace Engineering
From Figures 3 and 4 , it can be seen that the Lyapunov exponents of the corresponding roll angle and yaw angle are almost the same while the Lyapunov exponents of the corresponding pitch angle and manipulator joint angle differ. For a clearer analysis, the Lyapunov exponents of pitch angles and joint angles are shown in Figures 5 and 6 . Figure 5 shows that the Lyapunov exponent of the pitch angle in the condition of a d = sina is much larger than that of a d = 0, which indicates that the dynamic stability gets worse when the manipulator movements exist and the manipulator movements will affect the quadrotor pitching motion, and even may lead to the instability.
According to Figure 6 , the joint angle Lyapunov exponent is less than 0 when a d = 0. However, the exponent changes when a d = sina, that is, relative motion between the robot arm and the quadrotor presents, which indicates that manipulator motion, in turn, is affected by the quadrotor motion.
From Figures 5 and 6 , it can be concluded that the quadrotor pitching motion and the manipulator motion are coupled. This coupling characteristic will have very bad effects on the subsequent control and practical applications, so it is necessary to analyze and quantify the coupling and then in the controller design, coupling, and compensation is needed.
Similar to the space manipulator [34] , Newton-Euler recursive method [35] is used to quantify the coupling. Suppose that the quadrotor is the root of the manipulator, which can be thought link 0 and from the root to the end effector, the linear velocity, angular velocity, and acceleration of each link can be calculated. With velocity and acceleration, the force and torque on each link are derived backwards. Finally, the force applied on the quadrotor due to the manipulator movements can be calculated, and the derivation process is as follows.
For simplicity, some symbols are defined. Let j ω i and j v i denote the angular velocity and the linear velocity of link i with respect to the link frame ∑ j . α i denotes the joint angle of link i. α i represents the derivative of time. From the root to the end effector, the angular velocity and linear velocity of each link at the origin of link frame can be calculated as follows:
and on the time derivative, the corresponding acceleration can be obtained. 
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Let subscript c represent the center of mass of the link. Then, the linear velocity and acceleration of the link at the center of mass can be calculated as
With the above velocity and acceleration, the generalized force F and torque N on each link at the center of mass can be obtained from the end effector to the root as follows:
where m k+1 is the mass of link k + 1 and ck+1 I k+1 is the moment of inertia about the center of mass of link k + 1. Then, the generalized force f and torque n on each link at the origin of link frame can be obtained as where n is the number of the links.
The force and torque acting on the joint 1 can be obtained by recursive calculation, and they will be transmitted to the quadrotor. Thus, considering only the generalized force and torque exerted by the manipulator, the coupling between the manipulator and the quadrotor can be finally quantified as
In order to verify the quantized coupling, firstly, simple PID controllers are designed to control attitude and height of quadrotor and joint angle of the manipulator. Then, PID controllers with regard to coupling compensation are also applied to control the quadrotor and the manipulator. For the two cases, the pitch angle simulation is presented in Figure 7 .
From Figure 7 , the coupling exists both with and without feed-forward compensation. However, after compensation, the amplitude of the pitch angle oscillation is significantly decreased. Therefore, quantized coupling, when applied to control compensation, can play a certain role in controller design.
Control Scheme
Compared with a conventional quadrotor, the aerial manipulator has the advantage of maneuverability. It can interact with the environments actively and perform some tasks. However, if the interaction force is too large, it is very likely to damage both the end effector and the objects. Also, the system may get unstable during the transition from free motion to interaction. Thus, it is necessary to control the interaction force effectively. In this section, impedance control is adopted to solve the problem. Impedance control shows the dynamic relationship between interaction force and position [36] . In the Cartesian space, the desired impedance model of the end effector can be given by
where M d , B d , and K d are the constant matrices of desired inertia, damping coefficient, and spring stiffness of the end effector. Vectors X and X d are the actual and desired end effector position, respectively, and F e represents the generalized force exerted upon the end effector by the environment. By modeling interaction surface of the environment as a spring, the force F e can be calculated as
where k e is the stiffness of the environment while X env is the position of the interaction surface. When the interaction force arises, the corresponding torque applied to the manipulator is shown by
where J is the Jacoby matrix of the manipulator. Let e = X d − X represent the position error of the manipulator end effector and then convert (17) into frequency domain, it can be obtained as
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where e is the position correction of the end effector. Summing it and the given reference position, the desired position of the end effector can be finally obtained. In the joint space, a PID controller applied to obtain the torque for the manipulator without regard to environmental interactions has the form:
where k p , k i , and k d are the proportional, integral, and derivative control coefficients, respectively. a d obtained through the inverse kinematics and a are the desired and actual joint angles of the manipulator. If considering interactions, the actual torque can be given by
As is shown in the impedance control block diagram in Figure 8 , for the manipulator, a position-based impedance control (PBIC) is introduced and it includes a double control loop. The inner loop is position control and the outer loop is impedance control. According to the actual interaction force and desired impedance parameters, the outer loop generates position correction as represented in (21) . When giving the reference position p er , attitude η er and joint angle a r of the end effector as well as the feedback roll and pitch angle, the reference position p ur , and yaw angle ψ r of the quadrotor can be obtained via a kinematics calculation algorithm proposed by [37] . Then with reference and the feedback position p u and attitude η of the quadrotor, the quadrotor controller can be designed. 
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For the quadrotor control shown in Figure 8 , we can detail it as Figure 9 and it shows that a double PID control loop is also introduced. Since a quadrotor is underactuated, the horizontal position cannot be controlled directly with input forces. However, relationships between the horizontal acceleration and the reference attitude angles can be given by (24) , where x, y denote the acceleration in x and y directions and subscript r represents the meaning of reference. Then, the double PID control loop can be designed with the inner loop being UAV attitude controller and the outer loop being UAV position controller, which ensures both position and attitude of the quadrotor reach expected states. When manipulator moves or makes contact with the environment, the controller also ensures UAV stability and even spot hover.
The impedance control mentioned above enables the end effector to track the desired trajectory. However, sometimes, the end effector needs to exert a specified force on the environment, which indicates that the end effector should have the ability to track the desired force. This can implement based on (17) and a force error rather than the interaction force is applied to the impedance model. Then, the desired impedance model and the position correction of the end effector can be reformulated as
where F d is the desired force to track and E = F d − F e . Similar to the desired trajectory tracking, the desired force controller can be designed by replacing F e into E.
Simulation
In order to validate the effectiveness of the controller, several simulations have been carried out in the MATLAB/Simulink environment. The purpose of the simulation is that when the quadrotor hovers at a specified point, the manipulator makes contact with a surface. Two cases are studied, that is, the desired trajectory tracking and the desired force tracking. For simplicity, we ignore friction and consider that interaction force is applied to only one direction. Reference position Table 1 .
Desired Trajectory Tracking.
Simulation results of the end effector during the transition from free motion to interaction are shown below. The quadrotor UAV firstly flies to a position of p u = (1, 1, 1) with respect to ∑, after which it hovers over this point and then the manipulator with an initial joint angle value of 0 approaches the wall and makes contact with it until the end effector arrives at the desired position.
Simulation results of the UAV are shown in Figures 10-12 . When the quadrotor hovers at the point p u , the manipulator operates, which results in a quadrotor oscillation. The quadrotor tends to stabilize after the controller works, but the coupling caused by the manipulator leads to a slight tilt of the quadrotor in the pitch angle (shown in Figure 11 ) and the pitch control torque U 3 (shown in Figure 12 ) is no long 0. The tilt can allow the UAV to generate a force to offset the contact force. Figure 10 shows that the UAV translation in the x-axis is obviously affected due to the influence of the UAV pitch motion. The manipulator movements and interaction between the end effector and the surface affect the ability of the system, and the control force or torques change so that the UAV can return to a stable state quickly. Figures 13-16 shows the simulation of the end effector. From 0 to about 0.4 seconds, the manipulator moves in the free space, and the interaction force is 0 (shown in Figure 15 ), which results in a position correction value of 0 and the reference position is equal to the desired position during this time period (shown in Figure 13 ). After 0.4 International Journal of Aerospace Engineering seconds, the end effector contacts the surface, and the interaction force is no longer 0. Figure 15 shows that when the end effector makes contact with the surface at a certain speed, the interaction may keep growing due to inertia, then the impedance controller works so that the interaction force and the end effector position meet the desired dynamic relationship. Figure 13 shows that the desired position of the end effector is less than the given reference value 0.1, which can be explained by the fact that when the desired dynamic relationship mentioned above meets the requirements, the end effector reaches a proper position to avoid an excessive contact force. This is why the impedance control can reduce the damage of the end effector and the interactive objects. Figure 17 shows that the UAV flies in a neighborhood of point p u and after about 13 seconds, the UAV tends to hovers although there is still a tiny error. Compared with Figure 11 , Figure 18 reflects a better convergence International Journal of Aerospace Engineering effect especially the case of pitch angle and it reaches 0 despite the presence of interaction between the end effector and the environment. This is mainly because the given desired force F d , which may be thought to offset the interaction force. Both simulations of the desired trajectory tracking and the force tracking indicate that the manipulator movements and the environment contacts have an impact on the UAV stability; however, the height and yaw motion suffer a relatively little impact. From Figure 19 , due to the manipulator influence, it is can be seen that the UAV pitch control torque U 3 is not 0 although the pitch angle can reach 0 after the controller works. Figures 20-23 shows the simulation results of the end effector. From 0 to about 0.4 seconds, the manipulator moves in the free space, and the interaction force is 0, as shown in Figure 22 . However, different from Figures 13 and 14 , Figures 20 and 21 show that the desired position and joint angle of the manipulator changes during the movements in the free space. This can be explained by the desired impedance model (25) , and position correction is not 0 due to the given desired force. After about 0.4 seconds, the controller works, and it tracks the desired force perfectly and the tracking error is 0, which results in a position correction value of 0 and the reference position is equal to the desired position. The joint control torque slightly increases to make the end effector reach the surface. Different from Figure 16 , the joint torque decreases as the interaction force increases, as shown in Figure 23 and when the system gets stable, the torque remains a fixed value.
Conclusion
This paper has presented the model and the dynamic stability analysis of a manipulating unmanned aerial vehicle, and numerical simulation is used to test the work. The system modeling based on Euler-Poincare equation is simple and efficient by means of computer symbol derivation. Lyapunov exponent method used to analyze the dynamic stability just considering the manipulator movements has shown obvious advantages. It is constructive and simple for the exponent calculation when compared with Lyapunov's stability theory. Simulation results illustrate that the coupling between the manipulator and the quadrotor will affect the dynamic stability of the MUAV, and the coupling compensation can reduce the influence. As for interaction dynamic stability, the proposed impedance controller is shown to be able to stabilize the system both in the free flight and in the presence of interaction.
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